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1) Show that the following polynomials are irreducible.

(a) X®+ X3+ 1 over Q
Note that f(X +1) = X%+ 6X5 4+ 15X + 21X3 + 18X? + 9X + 3, which is irreducible over Q by
the Eisenstein criterion (with p = 3). If f(X) was not irreducible over Q, then its factorization would
produce a non-trivial factorization for f(X 4+ 1), which we have seen does not exist. Thus f(X) is
irreducible.

(b) X2+Y?+1 over C(Y)
Let f(X) = X2+ (Y2 +1) € C(Y)[X]. f(X) is degree 2 over X, so it is irreducible if and only if
it has no linear divisors in C(Y')[X]. Otherwise stated f(X) is reducible if and only if there exist
ai,ay € C(Y) such that f(X) = (X —a1)(X —az) = X? — (a1 + a2) X + ajag. As there is no X!
term in f(X), we immediately see that a; = —an, thus f(X) = (X —a1)(X +a1) = X2 —a?. As
such, a? = —(Y? +1). Thus f(X) is reducible if and only if there is an element 3 € C(Y) such that

E=Y2+1. 3= % where g,h € C[Y], so 3? = % =Y?+1s0g(Y)? =hY)}2(Y%+1).
The existence of such an element finally hinges on the existence of an element ((Y') € C[Y] such that
¢(Y)? = Y2 4+ 1. There is no such ¢(X). If there were, then ((Y) would have to be degree 1, thus
¢ = (aY +b) for some a,b € C and ¢? = (aY +b)? = a®’Y?+ (a+b)Y +b* = Y2 +1, whence a = —b =1,
so ((Y) =Y —1, but ¢(Y)? would then be Y2 — 2Y + 1, which is not Y2 + 1. Thus, there is no such
¢(Y), so there is no such 3, so there is no such ay, so f(X) is irreducible.

2) Compute the Galois groups of the following polynomials.
(a) f(X)= (X2 — pl) . (X2 — pn) over Q where p;’s are distinct primes.

f1(X) fn(X)
Each f;(X) is irreducible over Q by the Eisenstein criterion (p = p;). Each f;(X) = (z—/p;)(z+/D;),
so f;(X) is irreducible over any field that doesn’t contain ,/p; as an element. As each ,/p; can not be
represented using a product of other primes, we see that we have the extension tower

[Q(vPrs- -5 v/pn) 1 QL = QP15 VPn) - QP15 /Pn1)] - [QVPL v2) < Q(YP1)] [Q(vr) < Q)

degree 2 degree 2 degree 2
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Each extension is normal (as each field extension is the splitting field for some number of the f;(X)s),
and separable (as the extension is over a field of characteristic 0) so each extension is Galois. Each
£;(X) has exactly 2 roots so Gy must contain n automorphisms fixing Q that are the Q-linear extension
that maps one conjugate to the other ( ¢(,/p;) = —,/pj). As any selection of these automorphisms
can be composed with each other (yielding a distinct automorphism also fixing @), we have a total of



2™ distinct automorphisms fixing Q. This is the total number of automorphisms, so these are all of
the automorphisms of G.

Now, as each automorphism is order 2 within Gy, Gy = (Z/2Z)".
(b) f(X)=X5—4X +2 over Q.
f(X) is irreducible over Q (by Eisenstein, p = 2). f/(X) =5X*—4, so f/(X) =0 when X = +{/2.

Using calculus to examine the behavior of this function over R, f(X) is increasing on (—oo7 —</%>,

decreasing on ( \/g \[), and then increasing on ( % ) f(=2)=-22f (— {*/%) ~ 5.02 > 0,

I ({‘/g) ~ —1.03 < 0, and f(2) = 26. So f(X) has exactly 3 real roots (by the intermediate value

theorem), one each in the intervals (—2 —(‘/Z) ( \/;, (‘/Z), and (\/7 ) f/(X) shares none of

these roots, so f(X) has no multiple roots. Thus, f(X) has exactly two complex roots.
f(X) has degree 5 (so f(X) has prime degree), is over Q, and has has exactly two complex roots so
by a theorem presented in Lang (example 6, page 273) G = Ss.

(c) f(X)= )g(p — t over Q(t), where p is prime.
We will show that ))(:_1 = &,(X) is Morse, thus by a theorem of Hilbert Gy = Sgey,(x) = Sp—1-
Claim: @},(X) is irreducible over Q. This will proceed in a similar way as Lang’s proof that the p-th
cyclotomic polynomial is irreducible: we will apply Eisenstein’s criterion (using the prime p) to the
shifted polynomial ® (X +1).
First, examine the two standard ways of representing the pth-cyclotomic polynomial

O (X)=XP L4 XP 24 4+ X +1
XP—1
X1

(X)=(p-1)XP?+(p-2)XP+ ... +1
SEALEL
de | X -1
_pXPTH X 1) - (X 1)
(X —1)?
_pXPT -9, (X)
X -1

By plugging in X 4+ 1 and expanding this last form we get:

p(X +1)P7 1 —d,(X +1)

(X +1)= X1
pX+1P ! — (X +1)P P+ (X+1)P 2+ +(X+1)+1)
B X
:p(X+1)P—1—(X+1)P—1—(X+1)P—2—...—(X+1)—1
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Applying the binomial theorem for each term we can quickly dispense with the constant terms: the
first term contributes p and every one of the following p terms contribute a —1, so the constant terms
cancel (which we knew a priori, as we know that this is a polynomial, not a rational expression!)

The non-constant terms are somewhat more of a chore. Examine the X7 term, where j € {1,2,...,p—
1} . By the binomial theorem, the first term contributes a p(p ;1) and then the kth term further right

contributes —(’F;*k). If p(x) is a polynomial, let p(x)|,; be the coefficient of the x7th term of the
polynomial.

(XX +1))[0s =

The (p — 1)st term is (p — 1), and p 1 (p — 1).
p does divide the jth term where j € {1,2,...,p — 2}.

Finally, the 1st term (which is the constant term after division by X) is (p)(p — 1) — %, SO p

divides this 1st term (as we had earlier observed) but p? does not divide this 1st term. So, finally,

@, (X) is irreducible by the Eisenstein criterion (using p).

Because ®,(X) is irreducible, and we are operating over a field of characteristic 0, ®'(X) is separable,

thus has no repeated roots.

Claim: the roots of ®'(X) have distinct values in ®(X).

Let Bi1,...,08p—1 be the distinct roots of ®'(X). Note that 1 is not one of these roots, as ®},(1) =

p-D+@-2)+...41=(5) >0.

Let ; and 3, be arbitrary roots of ®'(X). ®'(5;) = ®'(8;) =0, so pﬁf_l—fbp(ﬁi) = pﬁf_l—tl)p(ﬁj) =0.
p—1

If ®,(6;) = ®(3;), then we have pgl'~" = pﬂffl, and thus (%) =1 So, we have found that g—; =¢

(where ¢ is a (p — 1)th root of unity), and thus §; = 5;&.

As we are operating under the assumption that ®,(5;) = ®,(8;), by the above we additionally have

®,(8;€) = ®,(5;), so it follows that

ay(5,6) = SX L = =L a5




Repeated manipulation of the middle terms gives us:

(B;er—1 B -1

(B;&) -1  B;—1
el g
Bi&) -1 pi—1

(B5€ =15 = 1) = (67 = 1)(B;€ = 1)
BTN = BE =i+ 1 =076 — ) - Big +1
BiE+ B = B7 + B;¢
grle—e=07" =1

B -ne=8" -1

So, either ¢ = 1, whence we have 3; = 3;, or 6;’71 =1.
Examining this second possibility for a moment, we quickly arrive at a contradiction. Recall that
B; # 1, so if ﬂf71 =1 (that is, if 5, is a (p — 1)th root of unity), we find that

-1 -1
5(8) = 3= = 2= =1
and thus pﬁ?‘l o) i
o1(8;) = Jﬁj_lp d :[]32-—1:0

As B # 1, this implies that p = 1, a contradiction, as p was assumed to be prime. Thus ®,(5;) = ®,(5;)
implies that §; = 3;. Thus, the roots of ®'(X) have distinct values in ®(X).
So, ®,(X) is Morse, and as noted at the start, we have G = Sgega, (x) = Sp—1-

3) Let F be a finite field, and let K be a finite extension of F. Show that both the norm map and the trace
map from K to F are surjective. Is the same statement true if K and F' are number fields?
For the finite field case, let p = char(F), ¢ = |F|, n such that ¢ = p™, and m = [K : F]. F =F, =F,» and
K - ]qu = ]Fpnm .
This extension K/F is always Galois, so the set of automorphisms fixing F is quite well behaved: in particular
every automorphism fixing F' o; € Gal(K/F) is of the form o;(a) = a? where j € {0,1,...,m — 1}.
Examining

2 m—1
Trg/p(a) =Tr(a) =a+a?+a? +...+af

The Trace is F-linear, so Tr(0) = 0. To show that the rest of F' is in the image of Tr requires only that we
show that there is at least one o € K such that Tr(a) # 0. We can then scale this element by any value in
F', and can thus arrive at any value in F.

By the above formula for Tr(«) it is clear that Tr(a) = 0 if and only if « is a root of the polynomial
X+X94+X9 +...+X9" " This polynomial has at most ¢™~! roots, but K has ¢"™ values, so there must
be some values in K that are not roots of the above polynomial, thus there are some values in F' that have
a non-zero trace. Thus Trace is onto.

Examining
m—1 2 m—1 gm -1
Ngjp(a) = N(a)=aal...a? = =!tetet+a" " = o7




N(0) = 0. Further note that by construction, N(«a8) = N(a)N(8) so N is a group homomorphism under
multiplication.
There are at most q;”:11 roots for N, so |Ker(N)| < q:;ll. N maps elements in K* to F*, as each

automorphism has a trivial kernel. |Im(N)| = &Zﬁ so [Im(N)| > (Z:;ill) =q—1. Thus N maps K*
=1

onto F*, so N maps K onto F'.

For the non-finite field case, again let m = [K : F]. The trace continues to be onto, due to the fact that it
is a linear transformation. If « € F' Tr(a) = ma, so we can scale this to any value in F.

The norm isn’t quite so well behaved. For an example, note that in Q(,/(2))/Q), the extension is order 2 so
the only automorphisms fixing Q are the identity and the automorphism such that o(v/2) = —v/2 extended
by linearity. Thus, for a+bv2 € Q(v/2), N(a+bv2) = (a+bv2)(a —bv/2) = a® + 2b* > 0, so any negative
number is not in the image of the norm. Thus, the Norm operator is not onto in the non-finite field case.

Let (, be a primitive n-the root of unity, where n > 1. Let K = Q((,) be the n-th cyclotomic field. Show
that the norm NK/@(I — () is p when n is a power of a prime p, and the norm NK/Q(l — () is lisnot a
power of a prime.

In the case where n is a prime power, let r be such that n = p".

To examine the norm of Ng /(1 —(,) we first find the minimal polynomial for this element, and use the fact
that the norm of this element is simply the constant term of this polynomial (possibly with a sign change).

Cn is a primitive nth root of unity, so it is a root of ®,,(X). ®,(X) is irreducible, so (X)) =9,(1-X) is
similarly irreducible. ®,,(1 — () = @, (1 — (1 = (n)) = @5 (¢n) = 0. As @,(X) is irreducible and has 1 — ¢,
as a root, ®,(X) is the minimal polynomial for 1 — (,.

Dy (X) =Pn(1 - X) =2y (1 - X) =D,((1 - X)")
A=X))P '+ (1=X))VP 2+, +(1-X))+1
1-Xx) D4 1-Xx)P2 4 +1-X)+1

(
~(

From the binomial theorem, we see that each term contributes 1 to the constant term. There are p terms
total, so the constant term from the expanded polynomial is p. The degree of this polynomial is ¢(n), which
is even (for n > 2), so Ng/o(1 —G) = (=1)¢™)p = p. For the case where n =2, (; = —1, so Q((2) = Q, so
the only automorphism fixing Q is the identity, so Ng/g(1+1) =2 =p.

In the instance where n is not a power of a prime, we perform induction on the number of distinct primes
that divide n. The two prime case is our base case.

In the case where n = pj'p5?

ri—1 rg—1

Qe (X) = (I)Plpz (Xpl P2 )

Py Pao
prlflprzfl P1
b (7))

r1—1 rg—1

(I)P2 (XP1 P2 )
@y, (i)

r1—1 _7T9—1

(I)Pz (Xpl P2 )




We are (sadly) interested in @, (1 — X). Happily, we can restrict our analysis to the constant term of
®,,(1—X). There are ps terms in ®,,,(1—X) (and thus in ®,, ((1 — X)pzlp;rl) and <I>p2((1—X)p;1_lp;2_l)).
By the binomial theorem, each one will contribute 1, so the constant term for both the numerator and
denominator is ps.

Interpreting the above equality as a statement about norms, we see that the constant term for <I>p;1 pr2 (X)
is an integer such that when it is multiplied by ps the result is ps. Thus, the constant term for <I>p;1 o2 (X)

is 1, and Ng/g(1 — ¢,) = (1)MW1 = 1.

So, the base case is proven. Now, assume that the norm is 1 for all composite values of n with up to m — 1
distinct primes. Now examine the case where n is divisible by m distinct primes.

In this instance n = pi' ... pm_1 pir.
—_——
l

rm—1

O, (X) = Oy, (XPm
_ DX
@l(Xpﬁt"‘l)

)

By the induction hypothesis both the numerator and denominator of this expression have a constant term
of 1. By the same argument above, the constant term of ®,,(X) is an integer such that multiplying it by
1 yields 1; clearly 1. Thus Nk /(1 — (n) = (=1)¢(™ = 1. This completes our induction, so we have that
when two or more distinct primes divide n, Nk g(1 — ¢,) = 1.

Let k be a field of characteristic p > 0, and let ¢ and u be algebraically independent over k. Prove the
following:

(a) k(t,u) has degree p* over k(tP, uP).
t,u are algebraically independent over k, so there is no polynomial f € k[X1, Xo] (with f # 0) such
that f(t,u) = 0. As a direct consequence both ¢ and u are transcendental over k, ¢ is transcendental
over k(u) and w is transcendental over k(t).
We'll first prove the parallel fact that [k(t) : k(tP)] = p.
aP —tP = (x —t)? is irreducible over k(t?) as the only root of this polynomial is ¢, so [k(t) : k(tP)] = p.
Further note that this minimal polynomial has multiple roots, so this extension is not separable (indeed,
as there are no non-trivial divisors of p and the inseparable component is not degree 1, this extension
is purely inseparable).
In diagrams, we have

k(t)
p (purely inseparable)

k(tP)

To address the original question, it suffices to note that we can break our extension from k(t?, u?) into
two subextensions that both behave as the extension from k(¢P) to k(t) extension above. In diagrams,
we have:



k(t,u)

p (purely inseparable)
k(t, uP)
p (purely inseparable)

k(t?, uP)

Where in our lowest extension, we note that k(uP) is a field with characteristic p > 0 and ¢ is transcen-
dental over k(uP), so the extension of k(u?)(t?) = k(t?, uP) to k(uP)(t) = k(t,u?) is a purely inseparable
extension of degree p by the above argument. We then exchange elements and note that k(t) is a field
with characteristic p > 0 and w is transcendental over k(t), so the extension of k(t)(uP) = k(t, uP) to
k(t)(u) = k(t,u) is a purely inseparable extension of degree p by the same argument.

So, finally we have

[k(t,w) : k(8 uP)] = [k(t,u) = k(t,uP)] [k(¢,uP) : k(7 u?)] = p?

degree p degree p

(b) There are infinitely many fields between k(¢,u) and k(t?, uP).

By the primitive element theorem, it suffices to show that there is no primitive element for the extension
k(t?,uP) to k(t,u). If there were such an element, then there would be an o € k(t,u) such that
k(tP, uP)(a) = k(t,u). By the above, adjoining o would have to yield an extension of exactly degree
p?. Any element in k(t,u) can be thought of as a quotient field of polynomials in ¢ and u, so any such
rational expression when raised to the p is then an element of k(¢?,u?) (as the exponent p distributes
in a field of characteristic p), so adjoining any element in k(¢,u) to k(t?,uP) yields an extension of at
most degree p. So, there is no primitive element « € k(¢,u) such that k(tP, uP) () = k(¢, u).

So, by the primitive element theorem there are an infinite number of fields between k(¢?, u?) and k(t, u).

6) Prove the Chevalley-Warning theorem: Let f(Xi,...,X,) be a polynomial in n variables of total degree
at most d over a finite field F, of ¢ elements, where ¢ = p”. Let N,(f) be the number of solutions of
f(z1,...,2,) = 0 with o; € F,. Assume n > d. Show Ny(f) is divisible by p.

For all z € IF; we have:
g1 _ 0 z=0
1 z#0

{1 (1,...,2p)is a zero of f

SO

1- ot ey dn) =
( ARG Zn) 0 otherwise

As such, the number of zeros of f:

Ny(fH)= > A=f1rHX. o X)=— > XL X

(x17~~-7xn)e]Fq ($1,---7$n)€]Fq

As f was of total degree d, fi7! is of total degree at most (¢ — 1)d, thus we can treat f¢=! as a sum of
monomials, each of total degree at most (¢ — 1)d. Split the sum for N,(f) across these monomials. For the
Ith monomial term of f7~!, we have (for some a; € F,)

n
—ay E "t = —q H E x

(z1,...,xn)EF, i=1xz;€F,



This last equality is a consequence of the fact that summing over all possible products is combinatorially
equivalent to taking the product of sums.

For the sum Zmiqu x;*, we simplify this sum depending on the value u;:

W, -1 —1 U;
5 %1:{0 (¢-1)|

otherwise
z;€Fy

As d < n there must be at least one u; non-divisor of ¢ — 1 in each monomial term, so each monomial term
sums to identically zero in Fj,. So

No(f) =, 0
Or otherwise stated, p divides Ny(f).



