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3a. Find a non-constant morphism P 1 ! P 2

The map

Œx0 W x1� 7! Œx0 W x1 W x0 C x1�

is a morphism on between P 1
and P 2

, as it involves only homogeneous functions of degree

1, and is clearly non-constant.

7. (a) Show that a space X is Hausdor� if and only if the diagonal

�.X/ WD f.x; x/ W x 2 Xg � X �X

is closed in X �X .

AssumeX is Hausdor�. Let .x; y/ 2 X�X such that x ¤ y. X is Hausdor� so there exists

open sets Ox and Oy separating x and y in X , with x 2 Ox , y 2 Oy and Ox \Oy D ;.

Ox �Oy is open inX �Y . Ox andOy are disjoint, so .Ox �Oy/\�.X/ D ;. Thus, for

an arbitrary point .x; y/ 2 .X � X/n�.X/, we have evidenced an open set ( Ox � Oy)

strictly contained within .X � X/n�.X/. Thus .X � X/n�.X/ is open, which tells us

that �.X/ is closed.

Assume that �.X/ is closed. Let x; y 2 X such that x ¤ y. .x; y/ 62 �.X/ so .x; y/ 2

.X �X/n�.X/ (which is open), so .x; y/ is in N , an open neighborhood of .x; y/ that

is disjoint from �.X/.

N is open in X � X so N D
S
˛.U˛ � V˛/ with all U˛ and V˛ open in X . In each case,

U˛ \ V˛ D ; for if not then N would not be disjoint from �.X/. So, for some ˛ there

are open sets U˛ and V˛ so that x 2 U˛ and y 2 V˛; if not, then .x; y/ would not be in

N . The sets U˛ and V˛ are open sets separating x and y, so X is Hausdor�.

(b) Check that any a�ne variety, A, is separated.

A is a closed irreducible subset of some space An
, so we can view our variety as being in

n variables x1; : : : ; xn. We thus have �.A/ D f.a; a/ja 2 Ag � A � A. Let our point be

.x1; : : : ; xn; y1; : : : ; yn/ 2 A�A. �.A/ is closed, as it is the zero set of the ideal generated

by the polynomials xi � yi , with i 2 f1; : : : ; ng.

(c) Show that the double-origined A1
(which we’ll call B) is not separated.

Let’s adopt the convention that B was obtained by gluing two copies of A1
together

(other than the origin, of course): We’ll call these two copies A1
x and A1

y . These two are

identified together, other than the origins, which we’ll call 0x and 0y .

B � B D
��

A1n f0g
�
�
�
A1n f0g

��
[
˚
.0x; 0x/ ;

�
0x; 0y

�
;
�
0y; 0x

�
;
�
0y; 0y

�	
.

Now examine �.B/: We have

˚
.0x; 0x/ ;

�
0y; 0y

�	
� �.B/, but

�
0x; 0y

�
62 �.B/ and�

0y; 0x
�
62 �.B/. All four origins are in the closure of �.B/, so �.B/ is not closed.

(d) Verify that P 1
is separated.

We wish to show that �.P 1/ � P 1 � P 1
is closed. Using the Segre embedding, we

have .Œx0 W x1�; Œy0 W y1�/ 7! Œx0y0 W x0y1 W x1y0 W x1y1� D Œz0;0 W z0;1 W z1;0 W z1;1�.

�.P 1/ D
�
P 1 � P 1

�
\ V ..z0;1 � z1;0//, which is closed, so P 1

is separated.
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9. Let f W C ! C be defined as .a; b/ 7!
�
�
1
a
;� b

a2

�
. Show f ı f is the identity map.

f ı f .a; b/ D f

�
�
1

a
;�

b

a2

�
D

 
�
1

�
1
a

;�
�
b
a2�
�
1
a

�2
!

D .a; b/

So f ı f is the identity map.
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