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8 The Galois Correspondence

Suppose α is a zero of a monic irreducible polynomial f ∈ Q[x] of degree 9. Then, Cauchy’s theorem
says that the quotient ring K = Q[x]/(f(x)) is a field extension of Q of degree 9 isomorphic to
Q(α).

8.a (2) Suppose α is a real number, but none of the other zeros of f are real. Explain why K has
no (non-trivial) field automorphisms.

8.b (3) Suppose there is a field M properly between K and Q. What are the possible degrees of
M/Q?

8.c (5) Suppose the Galois closure of K/Q in L and G(L/Q) is S9. Explain why there is no field
properly between K and Q.
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f(x1, . . . , xn) = 0, xi ∈ Fq.
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f(x) = (x2 − 2x − 1)(x4 − 1).
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4. Let F be the splitting field of x10−1 over Q. Find Gal(F/Q), both as an
abstract group, and as a group of explicitly described automorphisms
of F .

7. Let Fq be a finite field with q elements, and K a finite extension of Fq.
Let n = [K : Fq].

(a) How many elements does K have? Explain.

(b) Show that every extension of Fq is separable.

(c) Show that K is a Galois extension of Fq.

(d) Exhibit an automorphism σ of K of order n, such that σ restricts
to the identity automorphism of Fq. Conclude that Gal(K/Fq) is
cyclic.

8. Suppose f(x) ∈ Q[x] is irreducible and let K denote its splitting field.

(a) Suppose Gal(K/Q) = Q8 (the quaternion group of order 8). What
are the possibilities for the degree of f?

(b) Suppose Gal(K/Q) = D8 (the dihedral group of order 8). What
are the possibilities for the degree of f?
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(10 points) 7. Suppose p is a prime number and L/K is a field extension of degree p.

(a) Prove that if K = Q, then L/K is separable.

(b) Prove that if K = Fp, then L/K is separable.

(c) Give an example of a field extension L/K of degree p that is not
separable.

(13 points) 8. Let K be the splitting field over Q of x8 − 1.

(a) Find [K : Q].

(b) Describe the Galois group G = Gal(K/Q), both as an abstract
group and as a set of automorphisms.

(c) Find explicitly all subgroups of G and the corresponding subfields
of K under the Galois correspondence.

(8) (10 points) Let q be a prime power and n a positive integer.

(a) Prove that the map φ defined by φ(x) = xq is an automorphism of Fqn

that fixes Fq.

(b) Prove that the automorphism φ of part (a) generates Gal(Fqn/Fq).
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