Math 2J Key
Final
1. Compute the determinant det( A) and the inverse matrix A™ for
12 1
A=l2 0 -3
01 1
12 1
det| |2 0 -3 :1‘0 _3‘— ‘2 P 0‘:1(3)—2(2)+1(2)=1
1 1) |0 11 |01
01 1
o -3 2 -3 |2 T
SRS T
I L 21: 22 23 = —‘2 1 1‘ —‘1 2‘ = —31 _12 —21 = —32 _11
det A A; A; Asz Ly oy Py, -
2 1 1 1 12
R

or alternately:

12 1100 1 2 1|1 00 1 2 1|1 00
2 0 3|01 0]—2F2h 10 4 5|21 0—2%50 1 1|0 01
01 1|0 01 01 1|0 01 0 4 -5|-2 10
12 1|11 00 1 2 0|-11 4
—5R2k 51001 10 0 1|—E=eksi0 1 0|2 1 5| —FRERER
00 -1|-21 4 00 -1/-21 4
10 0|3 -1 -6 1 003 -1 -6
01 0|2 1 5|—R,4/01 02 1 5
00 -1|-2 1 4 0012 -1 -4
3 -1 -6
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2. Find the general solution to the following system of equations:

_ ~ 1 3 1 5
2 —3 1 5 _R._ 2 —3 1 5 R1:1R1 _E E E R1:Rl+§R2
R,=R,—R; 2 3 2 N
2 3 2|2 0 6 3|-3] re® |0, 1| 1
2 2
i 1| 7
10 —=| L i
4 R=4R, 4 0 1|7 In equation form 4X1_X3=7
1| 1| *® |0 2 -1]-1 2%, - X, = -1
01 —=|-= i
L 2
X1:7+x3
solve 4
-1+ X,
X, =
2

We have three variables but only two independent constraints, so our answer will feature
one free variable. Letting « be any real number, we get our solution set:

. . . . (7 -1
If Our free variable is a = X;, then our solution set is ( Za , ;a ,aj

If our free variable is « = x, then we can solve for x;, and x, in terms of x, and we get

(%a+2,a,2a+1j.

If our free variable is « = x; then we can solve for x, and x, in terms of x, and we get
(a,2a0—4,4a-17).

These look different, but describe the same set of points (a line in R?).



3. Find the characteristic polynomial, the eigenvalues and the eigenvectors for matrix
4 1
A=
3 6

4-14 1
}:(4—/1)(6—/1)—3:/12—10/1+21

pA(/l):det(A—/ll):{ 3 64

The eigenvalues are the roots of the characteristic polynomial:
Pa(A)=A4%-101+21=(2-3)(1-7) so the eigenvaluesare 4, =3 and 1, =7.

The eigenvectors are the solutions to (A—A1)v =0:

A, =3:
11 N O N |

(A-41)v= v=0. Solving: — TR, so X, +x,=0or
3 3 3 3 0 0

. : -a -1
X, =—X, S0 taking a = x, we have the eigenvector { }: a[ }

a 1
A =T
-3 1 _ -3 1| fewm |91
- = =0. : —— - =
(A=TI)v 3 v=0. Solving: 3 _1 2 0 0 S0 —3x, +X, =0 or

- i a 1 _1
3x, = X, sotaking « = x, we have the eigenvector {3 }: 0{3}. So v, :[ . } and
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4. Find the Taylor polynomial p, (x) of degree 3 for the function In x with the center
c=1.

f(x)=Inx, £'(x)==, f (x):—%, f'"(x):%
0, ()= f (¢)+ fl(!c)(x—c)1+ fz(!c)(x—c)2+ f 3(!0)(x—c)3=(x—1)1—%(x—1)2+%(x—1)3

5. Find the Taylor polynomial p,(x) of degree 3 for the function arctanx with the
center ¢ =0.

The question seems to be worded ambiguously, so one of two answers would suffice:

f (x)=arctanx, f'(x):%, f (x)=- 2% -, f'"(x)zz(sx—z_?

1+x | (1+x2) (1+X2)
P, (X)=f(c)+ fl(!c)(x—c)1+ fz(!c)(x—c)2+ f 3(!0)(x—c)3=xl——x3
0, (x) = f(c)+ fl(!c)(x—c) . fz(!c)(x—c) %

A student came up with a wonderful solution that avoids most of the messy derivatives:

: 1
(x)=arctanx f (x) T
j1+xzdx:arctan(x)+c. T 1( 7 JZ_.;( ) Jz_(; x50
arctan(x)+C = J'Z )’ x?dx Z( 1) x21" . To solve for C, we can plug in x =0

J=02]+1

_ . 2 (-1)’
at which point we find that C =0, so arctan(x Zg l x21* . Thus we find that
j=0 J +

pS(X) X' ==X



cos(zn e .
6. Does the sequence {i)} converge and if it does what is its limit?
n

. ~ niseven
1 niseven cos(zn ] ]
cos(zn) = _ s0 (z0) | n lim™ =0 and lim-2 =0 so
-1 nisodd n 1 . n—>wo nsw
—-=— nisodd
. cos(zn
li (7[ ):0.
n—oo n

cos(zn) = (-1 and —i_ (_1) Si. Further IImE—O and I|m—1_0 so by the
n n n n n n—os noo
squeeze theorem, Iim(_;) = lim cosf};zn) 0

7. Does the sequence {\/n +1—\/ﬁ} converge, and if it does what is its limit?
Jn+1+Jn  n+l-n 1
Jn+1-vn=(Jn+¥1-vn n+
( )\/n+1+f Jn+i+dn \/n+1+f
Iim(«/n+1—«/ﬁ)=lim—=0

n—oo n—oo n+1+\/ﬁ

8. Does the series Zsin n converge? Explain your answer.
n=0

limsinn =0 so ZSmn diverges.

n=0

. &sinn :
9. Does the series 22_” converge? Explain your answer.
n=0

sinn
2n

['e]

|5|n n|

izln converges so Z 2n

n=0 n=0

converges by comparison test. Thus

n=0



10. What is the radius of convergence for the power series f ( an” ? Explain your

n=0
answer.
. . l(n+
L= |Im‘a”+1 = I|m§( )§ =1 so the radius of convergenceis R=—=1
n—oo an n—oo n
= (x-1)" _
11. What is the radius of convergence for the power series f (x) = Z TS ? Explain
n
n=

your answer.

© _1 n .
Note, the question should likely be f (x) = Z(X ) as the index n =0 resultsin a

< Jn2"
division by 0.
1
L = lim|2nst| = fim |22V +1) | 2'Vn |=Iim| |:1 so the radius of
| @ | o 1 ‘ n—a| 2/ +1‘ ”*”‘Zx/n-f-l‘ 2
2"Jn

convergenceis R=2.
12. Find the Maclaurin series of J/1+ x* up to the order 3.

f(x):\3/l+—x2 f'(x):—zx f..(x):_z(xz—BZ f...(x):8x(x2—9)

. &A1 :
13. Does the series z( > ) converge? Explain your answer.
n=0

This is a geometric series with the common ratio r = 5 |r| <1 so this series converges

1 1 2
to —:—1:—.
2



14. Find the Maclaurin series of In(1+x).

. 1 . 1 2
f(x)=In(1+x), f (X)=—, f (X)=————, f (X)=
()=0(wex). 1 00= g5 (W= 0=

_ n+l _ I
M for n>0.

n

3 1

6 ]
f"(x)=—-——— so following the pattern, f™(x)=

f (0)=In(1)=0 so we can start the series at n =1:

g f(”r)]!(C)(X_C)n :i £ (0) o Zimxn Zi(_l)ml .

You could also do the geometric series trick described above here:

o0

f(x)=In(L+x), f (x)=—— so f'(x):l_(l_x) > (%) 3 (-1)' % so

1+x j=0

0

. N
n(1+x)+C= IZ(—l)’ xJdx = Z(J—l)x“l Setting x =0 we can solve for C and
.: <

o0

find that C =0 so In(1+ x) z

i i+

xJ+1 . Reindexing, we get

x' which is equivalent to the series we got using the other method.

n(1+x :i

i=L



